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Solution to Assignment 6

Supplementary Problems

1. In the proof of Theorem 1 in Lecture 11, we only consider the case Rj ∈ A, that is,
∂f1/∂u 6= 0 in Rj and leave out the case ∂f1/∂v 6= 0 on Rj . Provide a proof in this case.
Suggestion: Switch the variables u and v.

Solution. When ∂f1/∂v 6= 0 in Rj , define Ψ = Φ ◦ T where T (u, v) = (v, u). Then

(g1(u, v), g2(u, v)) = Ψ(u, v) = Φ(v, u) = (f1(v, u), f2(v, u)) ,

so ∂g1/∂u = ∂f1/∂v 6= 0 in Sj = T−1(Rj). Ψ is in Case (i) and the change of variables
formula holds for Ψ. In other words,∫∫

Sj

F (Ψ(u, v))

∣∣∣∣∂(g1, g2)

∂(u, v)

∣∣∣∣ dA(u, v) =

∫∫
Dj

F (x, y) dA(x, y) .

Now, using
∂(g1, g2)

∂(u, v)
= −∂(f1, f2)

∂(u, v)

we conclude the formula also holds for Φ.

2. Find the volume of the ball in R4, that is, {(x, y, z, w) : x2 + y2 + z2 + w2 ≤ R2}.
Suggestion: Apply the change of variables formula after introducing generalized polar
coordinates w = ρ cosψ, z = ρ sinψ cosϕ, x = ρ sinψ sinϕ cos θ, y = ρ sinψ sinϕ sin θ or
use cross section method.

Solution. A direct computation shows that

∂(x, y, z, w)

∂(ρ, ψ, ϕ, θ)
= ρ3 sinψ sin2 ϕ,

so the volume of the 4-dim ball of radius R is given by∫∫
BR

1 dV =

∫ 2π

0

∫ π

0

∫ π

0

∂(x, y, z, w)

∂(ρ, ψ, ϕ, θ)
dρdψdϕdθ =

π2

2
R4 .

Alternatively, we use cross section method (Theorem 3 in Lecture 7). For w ∈ [−R,R],
the w-cross section is a 3-ball of radius

√
R2 − w2, so its 3-dimensional area is given by

4
3π(R2 − w2)3/2. The volume of BR is∫ R

−R

4π

3
(R2 − w2)3/2dw =

π2

2
R4 .


